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Annotatsiya: Ushbu maqola o ‘qituvchi va o ‘quvchilarga metodik tavsiya sifatida yozilgan.
Matematikaning asosiy bo ‘limlaridan biri integrallash haqida ma lumot beriladi. O ‘quvchi bu R( sinx,
cosx) misollarda o ‘rganish natijasida integrallash mavzusiga qiziqishi ortadi. Biz ushbu maqolada qiyin
ikkita misolni yechimlarini keltrib otganmiz va shu mavzu yuzasidan misollar ham ko ‘rsatishga harakat
qildik. integrallash oid dars jarayonida o ‘qituvchi maqoladan ko ‘rgazma sifatida foydalansa bo ‘ladi.
Magqola matematikani o ‘qitish samaradorligini oshirishda xizmat qiladiBu maqolamiz sizlarga manzur
bo ‘ladi degan umiddamiz.

Kalit so‘zlar: trigonometrik funksiyalar, misol, yechish, isbotlash, darajani pasaytirish formulalar.

Hamma trigonometrik funksiyalarni sinx va cosx orqali ratsional ko'rinishda ifodalash
mumbkin.

Bu ifodani R ( sinx,cosx) orqali belgilaymiz.
Endi R ( sinx,cosx) ko'rinishdagi ifodani integrallash kerak bo’lsin.

j R ( sinx,cosx)dx

Bunday integralni tg% = z belgilash yordamida z o’zgaruvchili ratsional funksiyaning

integraliga almashtirish mumkin. Integralni bunday almashtirish ratsionallashtirish

x

deyiladi. Hagiqatdan ham, g5 =12 desak,
x

sinx = = 7
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COSX =

2 X 1422
1+1g” ~
&2
Z = aret
5 = arcigz
x =2arctgz
2dz
dx = 3
l+z
Shuning uchun

2z 1-z2 2dz
— [Riz)a

_[R(sinx,cosx)dx = J-R{ . 2.2 =
+z

1422 14z

bunda Ry(z)-z 0’zgaruvchili ratsional funksiya.

Bunday almashtirish R(sinx,cosx) ko'rinishdagi har qanday funksiyani integrallashga
imkon beradi, shuning uchun bunday almashtirish universal trigonometrik almashtirish
deyiladi. Lekin bunday almashtirish ko’pincha ancha murakkab ratsional funksiyaga olib
keladi. Shuning uchun, sodda o'rniga qo’yishlardan ham foydalansa bo’ladi. Masalan:

1) Agar R( sinx,cosx) funksiya sinx ga nisbatan toq bo’lsa, ya'ni

R(-sinx,cosx)-R( sinx,cosx) bo’lsa, u holda z=cosX; dz=-sinxdx o'rniga qo’yish bu
funksiyani ratsionallashtiradi.

2) Agar R( sinx,cosx) funksiya cosx ga nisbatan toq bo’lsa, ya ni

R(sinx,-cosx)-R( sinx,cosx)bo’lsa, u holda z=sinx; dz=cosxdx o’rniga qo’yish bu
funksiyani ratsionallashtiradi.

3) Agar R( sinx,cosx) funksiya  sinx va cosx ga nisbatan juft bo’lsa, yani R(-sinx,-

cosx)-R(sinx,cosx) bolsa, u Holda z=tgdx= " dz s;x=arctgz orniga qoyish bu
+z

funksiyani ratsionallashtiradi. Bu holda

2 2
g x

Sin’x = & 5= z 75

I+tgx 14z ho'ladi

2 1 '

cos”x = 7= 7

I+tg"x 14z

_ dx , i

1-Misol J = _[ Jsinx +3cosv 15 integralni hisoblang.

Yechish: tg% =z o'rniga qo'yishdan foydalanamiz.
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a -
. 2z 1-22 2dz
sinx = 75 COSX = 2;dx: 5
1+z 1+z 1+z
2dz
2 2dz 2dz
1+z
J:.[ 2 :I 22 2 :.[ 2 -
2z 1-z 5. 8z+3-3z"+5+5z 2z°+8z+8
4. > +3 > +5  (1+z7)- 3
1+z 1+z 1+z
2dz dz 1 1
2(z +4z+4) (z+2) z+ tg5+2
2-Misol. J = j—xz integralni hisoblang.
l1+sm”x
Yechish :

Integral belgisi ostidagi funksiya juft funksiya, shuning uchun tgx=z almashtirishni
bajaramiz.

d 2
U holda z-tgx; x-arctgz; dx = 22 sin® x = —

I+z 1+2%’
Natijada quyidagini hosil gilamiz:

odt o dz
dx l+z 1472 dz l¢ dz 1 dz
J: = = = = = =
Jl+sin2x J-1+ J.l+z 2472 J.1+222 2jl+zz 2'[ 1 2 5
1+ 27 1+ 27 2 2 Tz

z

11 V2 V2
=5 T arctg—— \/— Tarctg\/fZ +C= Tarctg\/itgx +C;

3-Misol: J = I dx integralni hisoblang.

2 +cosx
Yechish: Integral ostidagi funksiya sinx ga nisbatan toq funksiya . Shuning uchun
z=cosx; dz=-sinxdx=> sinxdx=-dz almashtirishni bajaramiz:

) . 2
sin” x-sinxdx ¢ (1—cos x)smxdx (1-z )dz z7 -1 ( 3 j
— — = d = —2 d =
j 2 +cosx j 2 +cosx I 24z -[2+z ‘ IZ +z+2 y
22 cos? x
:?—2z+31n|z+2|+C: 5 —2cosx +3Injcosx + 2|+ C;

4) Agar R(sinx, cosx) funksiya sinx va cosx darajalarining kopaytmasi bo’lsa, ya'ni
Isin”x- cos” xdx korinishdagi integralni hisoblash, m va n ga bog'liq holda turli orniga
qo’yishlar bajariladi:

a) Agar >0 va toqbo’lsa, u holda cosx-z; sinxdx=-dz o'rniga qo’yish
integralni ratsionallashtiradi.
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_— | .
b) Agar m>0 va toq bo’lsa, u holda sinx-z; cosxdx-dz o'rniga qo’yish bajariladi.
4-Misol: J = j * dx integralni hisoblang.
cos’ x
Yechish: cosx=z; sinxdx=-dz almashtirishni bajaramiz:
sin’ xsmx (1-cos x)s1n xdx _ c(l- z) dz _ dz z* 1 1

J = [Shoxsinx, o Z =~ 4C=

j cos’ x j cos’ x -[ JAz“ Jz4 R

N B

3cos’x  cosx

v) Agar ikkala n va m korsatkichlar juft va nomanfiy bolsa, u holda
trigonometriyadan ma’lum bo’lgan

) 1—cos2x 9 1+ cos2x
sin“x=———; coS"x=—"——

2 7 2
darajani pasaytirish formulalaridan foydalanamiz.
5-Misol. J = j sin* xdx integralni hisoblang,

Yechish: Darajani pasaytirish formulasidan foydalanamiz.

J= Ism xdxd= J(sm x)>dx j(ﬂJ =ij-(1—2cos2x+cosz2x)dx:

:—J‘[1—2cos2x+mjdx:lx—lsmzx+l)c+lsm4x+C=§x—lsin2x+i
4 2 4 2 2 8 8 4 8 4 32

sin 4x + C;

g) Agar m+n=-2K<0 (juft, nomusbat) bo’lsa, u holda tgx=z yoki z=ctgx o'rniga qo’yish
integralni darajali funksiyalarning integrallari yig'indisiga olib keladi.

d.
6-Misol. J = 13—)6 integralni hisoblang.

sin” x - cosx
Yechish: bu yerda n=-3; m=-1; m+n=-4<0
dx sin” x +cos’ x COSX d(sin x)
J= = dx = d =2 =
-[sin3x-cosx j sin’ x - cosx jsinx-cosx J‘s1n3x -[sm2x '[ sin’ x
=Injtgn — +C;
e 2sin’x
sm2 x
7-Misol. J= _[ dx integralni hisoblang.

-cos® x

Yechish: bu yerda n=2, m=-6; n+m=-4<0 quyidagini almashtirishni bajaramiz.
dz
z-tgx; x-arctgz; dx-——
I+z
sinx _sin’x 1 1
—=—— " ——— =1 zx( 7 j= tg’x(1+1g’x)’ =22 (1+2°),
cos’x cos’x cos'x cos’ x
Natijada quyidagini hosil qﬂamiz
5 5
sin” x 3 [ s 77 tg'x tg'x

J = Icosxdx [z (1+z) =242z = [Pdz+ [ 24dz = 3+5 +C=E 54 G
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8-Misol. J = Jctg4xdx integralni hisoblang.
4

cos' X
Yechish: bu yerda ctg4x == desak, m=4; n=-4; m+n-=0;
sin” x
Quyidagi almashtirishni bajaramiz.
dz
Ctgx=z; X=arcctgz; dx = — 3
l+z
Natijada
J= J‘ctg“xdx: —Iz4 & = —J‘(z2 -1+ ! )dz = Idz—jzzdz—j dz = Z—Z—3+arctgz+C =
1+2° 1+2° 1+2° 3
1 s
=ctgx— gctg x+arctgctgx+C
, dx . -y
9-Misol. J = I ¢ integralni hisoblang,
cos’ X
Yechish : bu yerda n=0 ; m=-6; m+n=-6<0 quyidagi almashtirishni bajaramiz.
1 d
1g = X; cos? x = ; z =dz;
I+z cos”x

U holda

J:_[st)gx:.[ — dX=J.(d+j=I(1+Zz)zdz=.[(l+2zz+Z4)dz:z+§z3+%5+c

cos'x cos’x

1+ z?

2 1
= tgx+ gtg3x+§tg5x+ C

d) Agar darajalardan biri nolga teng, ikkinchisi manfiy toq son bolsa, u holda tg% =z
almashtirish bajariladi.
. dx iy
10-Misol. J =I —5— integralni hisoblang,
sin” x
Yechish: Quyidagicha almashtirishni bajaramiz.
, X 4 2dz ] 2z
— =z i = ;  sinx =
£2 1+2° 1422
Natijada:
2dz
2)3 2)?
d d 2 2:\1+z 1c(1+2z
(o e e e SR
sin” x sin” x - sinx ( 2z j 2z (1+z )-42 2z 4 z
1+22) 1+2°

_ljﬂd_lj(i 2 jd__L LRI SESUDR BUCE S B
=7 3 2= Z3+Z+Z z = 8Zz+2n|z|+4 2+C_ g Clg” 5+ Inlig |+
+1tg2£+C'
§° 2 7
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5) Quyidagi korinishdagi integrallarni garab chigamiz.

I cosnx - cosmxdx
j sinnx - cosmxdx

I sinzx - sin mxdx
Bularni integrallash uchun trigonometrik funksiyalarning ko’paytmasini yig'indiga

almashtiruvchi formulalar yordamida olinadi:
cosa - cosff = %[coia +,B) + cos(a —,8)]
sina - cosf3 = %[sin(a + ﬁ) + sin(a - ﬁ)]
sing-sinf3 = %[cos(a - ﬂ) - 005(05 + ﬂ)]

11-Misol . J = Isin 3x - cos 2xdx integralni hisoblang.

Yechish: Integral ostidagi ko’paytmani yig'indiga almashtiramiz.

. L. .
J—jsm3x-cos2xdx—Ej(sm5x+smx)dx——§-T—§-c T
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